We investigate the effects of spin-orbit interaction (SOI) and valley mixing on the transport and dynamical properties of a carbon nanotube (CNT) quantum dot in the Kondo regime. As these perturbations break the pseudo-spin symmetry in the CNT spectrum but preserve time-reversal symmetry, they induce a finite splitting ∆ between formerly degenerate Kramers pairs. Correspondingly, a crossover from the SU(4) to the SU(2)-Kondo effect occurs as the strength of these symmetry breaking parameters is varied. Clear signatures of the crossover are discussed both at the level of the spectral function as well as of the conductance. In particular, we demonstrate numerically and support with scaling arguments, that the Kondo temperature scales inversely with the splitting ∆ in the crossover regime. In presence of a finite magnetic field, time reversal symmetry is also broken. We investigate the effects of both parallel and perpendicular fields (with respect to the tube's axis), and discuss the conditions under which Kondo revivals may be achieved.
Introduction
The Kondo effect [1] is a hallmark of strongly correlated electron physics. Its observation in quantum dot set-ups is ubiquitous and reveals precious information on the underlying symmetries of the quantum dot system and on the corresponding degeneracies of its spectrum. Specifically, electrons in carbon nanotubes (CNTs) possess a spin and a pseudo-spin degree of freedom [2] , the latter originating from the presence of two inequivalent Dirac points in the underlying graphene hexagonal lattice. In the absence of spin-orbit interaction, and considering only transverse quantization, the CNT's Hamiltonian is invariant under time-reversal and pseudo-spin reversal symmetries, and thus a quadruplet of degenerate levels is associated with a given longitudinal momentum. In this case, the four-fold degeneracy may lead to the occurrence of the so called SU(4)-Kondo effect at low temperatures [3] [4] [5] [6] [7] . In order to see this exotic Kondo resonance it is important, however, that both spin and pseudo-spin quantum numbers be conserved during tunneling (or reflection), as a mixing of these degrees of freedom can result in a more conventional SU(2) Kondo effect [8] . For CNTs devices where parts of the tube act as leads (see Fig. 1 ), such a situation can be realized, and the peculiar features associated to the presence of both spin and orbital degrees of freedom can be probed in finite magnetic fields [6, 9] . Recently, SU(4) Kondo physics, also originating from coupled spin and orbital degrees of freedom, could be engineered in double-quantum dot based devices [10] .
In a more realistic description of a CNT though, pseudospin symmetry breaking contributions, like the curvature induced spin-orbit interaction (SOI) [11, 12] or valley mixing due to scattering off the boundaries [13, 14] or to disorder [12] , should be included. As a consequence, the fourfold degeneracy is broken and, for a given value of the longitudinal momentum, the spectrum of an isolated CNT quantum dot consists of two pairs of degenerate Kramers pairs, with splitting provided by the combined effects of SOI and valley mixing [15] . In this situation, upon increasing the SOI strength or the valley mixing, a crossover from the SU(4)-Kondo state involving both Kramers pairs, to the more standard SU(2) Kondo regime is expected [16] [17] [18] .
Despite the considerable amount of experiments reporting Kondo behavior in CNTs, [6, 9, [18] [19] [20] [21] [22] [23] [24] , the combined effect of SOI, valley mixing and the impact of applied magnetic fields on the SU(4) to SU(2) crossover have only been addressed within a field theoretical effective Keldysh action approach [18] . A numerically exact investigation of the highly intricate crossover is thus very desirable.
In this work we study the dynamical and linear transport properties of CNT-based Kondo quantum dots by means of the Density Matrix-Numerical Renormalization Group (DM-NRG) method [16, [25] [26] [27] . We focus on the SU(4) to SU(2) crossover induced by finite SOI and valley mixing, and study the influence of magnetic fields parallel or perpendicular to the CNT's axis. At zero magnetic field, it is not possible to distinguish at the level of the spectral function or of the linear conductance among the two symmetry breaking effects. Here, what matters is the amplitude ∆ of the total inter-Kramers splitting. We determine here the energy scales for the cross-over region and demonstrate that the Kondo temperature scales inversely with ∆, in agreement with previous analytical predictions [28, 29] .
At finite fields, the behavior of the Kondo resonance is strongly influenced by the relative strength of the SOI and valley mixing contributions, as well as by the direction of the applied field. In fact, a major effect of the curvature induced SOI is to set as spin quantization axis the tube's axis and to lock spin and valley degrees of freedom [11] . Valley mixing instead does not act on the spin degree of freedom, but induces a rotation in valley space [13, 15] . Thus, in parallel field the spin is still a good quantum number. Magnetic field induced Aharnov-Bohm contributions dominate over Zeeman effects at small fields, due to the large orbital moment of the nanotubes [2] , which enables one to clearly resolve the splitting [23] and rejoining [15, 18] of a Kramers pair also at low fields. In perpendicular fields, in contrast, the spin is no longer a good quantum number; rather the simultaneous presence of SOI and valley mixing implies a full entanglement of orbital and spin degrees of freedom. In this case it is convenient to classify virtual Kondo transitions in terms of the discrete operations related to the time reversal and pseudo-spin reversal operators [18] . These considerations are nicely confirmed by our simulations and reflected, in particular, at the level of the linear conductance in the occurrence of Kondo revivals: at specific values of the magnetic field, which depend on the field direction, valley mixing strength and on the number of charges trapped in the dot, a Kondo resonance can be restored near avoided level crossings.
The paper is organized as follows. We present our model Hamiltonian for CNTs in Sec. 2.1, and give a brief analysis of the symmetries of the system in Sec. 2.2. Dynamical and transport properties are discussed in Secs. 3 and 4. We extend our discussion in Sec. 5 by including the effects of an applied magnetic field parallel (Sec. 5.1) or perpendicular (Sec. 5.2) to the CNT's axis. Our conclusions are summarized in Sec. 6.
Theoretical framework

Model Hamiltonian
The setup we consider consists of a CNT quantum dot coupled to two external leads (see the sketch in Fig. 1) . We focus on a single longitudinal mode (also known as "shell"), and correspondingly, describe the CNT by an extended Anderson impurity model [1, 15] , consisting of a pair of interacting Kramers doublets. We denote by ε j the energies of the four levels (j = {1, 2, 3, 4}), and bŷ n j =d † jd j their occupation. In what follows, we shall refer to this basis as the Kramers basis (see Fig. 2(a) ). Each of the four levels can accommodate one electron and, with a good approximation, these electrons interact with each other through a strong and level-independent on-site interaction U . In this basis, the CNT Hamiltonian takes the formĤ
In the absence of the spin-orbit interaction and valley mixing, ∆ SO = 0 and ∆ KK' = 0, the CNT's Hamiltonian is invariant under time-reversal and valley-reversal [2] . These operations are represented by the two antiunitary operatorsT andP, respectively [18] , and yield a fourfold degenerate spectrum of the CNT, ε j ≡ ε d . Correspondingly, the CNT Hamiltonian is SU (4) invariant. In what follows, we shall label states such that (1, 2) and (3, 4) form Kramers pairs, while (1, 4) and (2, 3) are pairs associated with theP symmetry. Notice that a third unitary operatorĈ =PT −1 linking the remaining pairs (1, 3) and (2, 4) can also be constructed fromT andP (see Fig. 2(b) ). A finite ∆ = ∆ 2 SO + ∆ 2 KK' breaks theP symmetry and, correspondingly, also the SU(4) symmetry (see Appendix A for details on how these states and the symmetry operations are constructed). Since time-reversal symmetry is preserved, the on-site energies remain twofold degenerate, Fig. 2(a) ). Notice that a finite ∆ plays the same role as a magnetic field on the P -and C-pairs, such that conjugation relations among energy levels exist: ε 1 (∆) = ε 4 (−∆), and similarly for the other couples.
In a CNT, with a good approximation, each nanotube level couples to independent channels in the leads, and their tunnel coupling can thus be described by the HamiltonianĤ
Here, instead of the original left/right operatorsĉ † εj,L/R for the leads, we introduced the symmetric and antisymmetric combinations
and the corresponding effective tunneling amplitude
The leads are assumed to be noninteracting with a constant density of states per flavor ρ (ω) = ρ 0 = 1/2W , and a bandwidth 2W . They are described by the Hamiltonian
Notice that only theâ εj channel couples to the dot, while channelb εj remains completely decoupled in equilibrium. The total Hamiltonian
captures the essential physics of our set-up and, under equilibrium conditions, can be solved using Wilson's NRG method [25] .
Global symmetries
Let us now discuss the continuous symmetries of the Hamiltonian (4). These symmetries are extremely useful, since they allow for an efficient numerical treatment of the problem. Throughout this paper, we shall focus on the simplest but physically relevant case of
In this case, for ∆ = 0, the total SU(4)-spin operator
commutes with the Hamiltonian (4), and the SU(4) symmetrical Anderson model [7] is recovered. The λ's above denote the 15 generalized Gell Mann matrices or some other set of matrices defining the SU(4) representation, and the operators (5) satisfy the SU(4) Lie algebra. Finite inter-valley scattering or spin-orbit field imply ∆ = 0, and break the SU(4) symmetry down to SU(2)⊗ SU (2) . The latter are generated by the usual SU(2) spin operatorŝ
1 Quasiparticle operators are normalized to satisfy {â εj ,â ε j } = δ(ε − ε ) δ jj . acting on the two Kramers doublets κ = (1, 2) and κ = (3, 4) (see Fig. 2 ). Here, σ = (σ x , σ y , σ z ) is the regular vector of the Pauli matrices. In addition to these SU(2) symmetries, the total charge is also conserved in each Kramers 'channel'
with : . . . : referring to normal ordering.
Transport properties
In this section we present the results for the spectral functions A j (ω) of the operators d † j and evaluate the conductance across the dot under equilibrium conditions. The linear conductance can be computed directly within the NRG and is related to the equilibrium spectral function of the operators d † j . It reads
with Γ j = πV 2 j ρ 0 the usual broadening parameter, and α j = 4 tan γ j / (1 + tan γ j ) 2 the asymmetry prefactor, which depends on the source and drain couplings and is in general smaller than one. In Eq.
is the Fermi-Dirac distribution function and A j (ω) denotes the equilibrium spectral function of the j-th dot level,
with G R j,j (ω) being the Fourier transform of the retarded
we used the open-access Budapest DM-NRG code [30] , that explicitly uses the symmetries of the system. As discussed above, for ∆ = 0 the system exhibits SU(4) symmetry. Therefore, by tuning the parameter ∆ from 0 to some large value ∆ W , for a singly occupied longitudinal level, we can follow the crossover from the the SU(4)-Kondo fixed point to the SU(2) ⊗ SU (2) one. In the next two subsections we shall study the manifestation of the crossover at the level of the spectral functions and of the linear conductance, respectively.
Spectral functions
The impact of the splitting ∆ on the Kondo resonance is demonstrated in Figs. 3 and 4, where we display the total spectral function, A tot (ω) = j A j (ω), for two specific values of ε d and a relatively large ratio U/Γ = 50. For ∆ = 0 the occupation of the CNT levels is controlled by the 'dimensionless gate voltage', N g = (−ε d + U/2 + ∆) / (U + ∆/2), taking on integer values N g = k = 1, 2, 3 just in the middle of the Coulomb blockade valleys with k particles on the CNT. Fig. 3 displays the crossover from the SU(4) to the SU(2) regime for the case N g = 1 and several values of ∆. By particle-hole symmetry, the spectral functions for N g = 3 are the mirror images of the N g = 1 spectral functions, and we do not discuss them in detail. In the limit ∆ = 0, an SU(4) Kondo resonance arises due to quantum fluctuations of the ground state quadruplet. As expected [1] , this resonance is pinned asymmetrically to the Fermi level, ω = 0. As soon as the splitting ∆ becomes comparable to T
SU(4) K
(extracted form the half width at half maximum of A tot (ω)), the spectral function maximum lowers and tends to be symmetrical around the Fermi energy. At the same time, two satellite peaks emerge at approximately ±∆. These satellite peaks correspond to "electron-hole" excitations between the two Kramers pairs depicted in Fig. 2 . Notice that the value of the spectral function does not change at the Fermi energy as the SU(4) resonance gradually turns into a symmetrical SU(2) Kondo resonance. This implies that for N g = 1 the T = 0 temperature conductance is not suppressed by breaking the SU(4) symme- try. However, as shown in the inset, the Kondo temperature is strongly reduced for ∆ T
. At this value of ε d there are two electrons on the CNT longitudinal shell. The Hamiltonian exhibits electron-hole symmetry, and the total spectral function is symmetrical for any value of ∆. As a consequence of Friedel sum rule [31] , the value of A tot (ω = 0) is twice as large as it was for N g = 1. For N g = 2, however, a splitting ∆ T
eliminates the ground state degeneracy of the isolated CNT, completely suppresses the Kondo resonance, and leads to the emergence of a 'pseudogap' of width ∼ ∆ in A tot (ω).
Linear conductance
The crossover features in the spectral function are also reflected in transport characteristics. In Fig. 5 , we present the T = 0 temperature linear conductance as a function of N g for several values of the splitting ∆. Similar to the spectral function, as a manifestation of the two electron SU(4)-Kondo state, the linear conductance also acquires its maximal value at the particle-hole symmetric point N g = 2 in the SU(4) symmetrical case, ∆ = 0 [17] . This large conductance is, however, sensitive to ∆ and is quickly suppressed for ∆ T
SU(4) K
, as a consequence of the pseudogap appearing in the spectral function.
In contrast, for N g = 1 and N g = 3 a large ∆ does not destroy the conductance at T = 0 temperature, which remains close to 2e 2 /h. Notice, however, that the origin of the conductance is different in the limits ∆ = 0 and ∆ T
. In the SU(4) limit, ∆ → 0, incident conduction electrons pass through the quantum dot with probability 1/2 in all four channels. In contrast, for ∆ → ∞ the two empty levels and the corresponding channels do not conduct at all, while the other two have a perfect, unitary G conductance due to the residual SU(2) Kondo effect. Since in these channels electrons pass through the dot with probability one, in this ∆ → ∞ limit the linear conductance becomes noiseless [1] .
Another useful way to visualize the crossover between the SU(4) and SU(2) regimes is to consider the temperature dependence of the linear conductance, shown for N g = 1 in Fig. 6 . To explore universal scaling, we have rescaled the temperature by the Kondo temperature T HCM K (∆), defined as the temperature at which the conductance is reduced to half of its T = 0 temperature value [1] . For ∆ much smaller than T HCM K (∆), conductance curves show SU(4) universality and lie on the top of each other. As soon as ∆ becomes comparable with T HCM K (∆), however, universality is lost, the Kondo temperature lowers and a peak emerges at approximately ∆. For very large values of ∆/T HCM K (∆), the curves become universal again, but they now follow a simple SU(2)-scaling. The two universal curves for ∆ = 0 and ∆ > U are associated with the SU(4) and SU(2) fixed points, and can be derived from the corresponding Kondo models (see Appendix B for further details).
Kondo temperature
The Kondo temperature is the most basic energy scale that characterizes the correlated Kondo state. As remarked already, in the regions N g ≈ 1 and N g ≈ 3 it is dramatically suppressed for large Kramers pair splittings ∆ > T SU(4) K . This suppressed SU(2) Kondo temperature, T SU(2) K , can be estimated by carrying out a two-step RG procedure [32] .
The Kondo temperature has first been defined in the context of a simple spin exchange Hamiltonian of the form H int = J S · s, describing the interaction of a magnetic moment S at the origin with the local spin density s of the conduction electrons, with J > 0 an antiferromagnetic exchange coupling. Later on, it was realized that the symmetry of the exchange Hamiltonian plays a crucial role and affects the Kondo temperature. The SU(N)-Kondo model [33] , in particular, 2 yields a Kondo temperature T
SU(N) K
≈ W e −2/N ρ0J , implying that a larger N appreciably enhances T K . This behavior can be obtained by carrying out a renormalization group analysis for the effective exchange coupling (vertex function) describing scattering processes at energy . To leading logarithmic order, the dimensionless effective exchange coupling, j( ) ≡ ρ 0 J eff , satisfies the RG equation
with x = ln(W/ ) the scaling parameter, and diverges logarithmically at the Kondo scale = T SU(N) K .
3
Let us now focus on the Kondo regime (Γ U ) of a CNT quantum dot with N g = 1 electrons trapped inside a shell. In this regime, assuming further ∆ U , the interaction of the electrons with the nanotube can be described by an exchange Hamiltonian of almost perfect SU(4) symmetry [7] . The structure of the vertex function (effective exchange amplitude), however, depends on the energy of the electrons scattered. Electrons of very high energy, ∆, can induce transitions between all four levels, and experience an SU (4) The energy where the perturbative RG breaks down can be identified as the Kondo temperature T K , and is expressed as
predicting a ∼ 1/∆ decay of the Kondo temperature for ∆ < U . Notice that in this expression, we replaced the bandwidth by U , which serves as an upper cutoff for spin exchange processes within the Anderson model. As we now demonstrate, the analytical expression (11) is in good agreement with our NRG calculations. The definition of T K is not unique, we have therefore extracted it from the NRG data in two different ways: in addition to the half conductance scale T HCM K (∆) defined earlier, we also introduced the Kondo scale T HWHM K (∆) as the half width at half maximum of the spectral function for thed j operators. Both Kondo temperatures are shown in Fig. 7 , where three regimes can be delineated: For ∆ < T SU(4) K , the system is governed by SU(4) physics, and T K agrees with the SU(4) Kondo temperature. This is followed by a 'crossover region', T SU(4) K < ∆ < U , where an SU(4)→ SU(2) crossover takes place as a function of temperature or energy, but below ∆ an SU(2) Kondo state emerges with a suppressed Kondo temperature given by (11) . Finally, for ∆ > U only one Kramers doublet remains active, and an SU(2) Kondo behavior appears at all scales with a T K independent of ∆.
Transport in a finite magnetic field
A finite magnetic field turns out to be crucial to disentangle the effects of SOI and valley mixing. As shown below, both the spectral function and the linear conductance display qualitatively different features depending on the direction of the applied magnetic field.
In finite magnetic field the N g = 1 (center of the first Coulomb valley) condition becomes ε d = −U/2 − (ε 4 (B ) + ε 3 (B ))/2, whereas N g = 2 (particle-hole symmetric point) remains ε d = −3U/2.
Parallel magnetic field
Spectrum. The energy levels of the CNT Hamiltonian, Eq. (1), easily follow from the discussion in Appendix A.2. They read
where g s (g orb ) is the Landè spin(orbital) g-factor and B the amplitude of the parallel magnetic field. The resulting spectrum for occupancies with N = 1, 2, 3 of the CNT is shown in Fig. 8 . It is interesting to notice the crossing of the states |3 and |4 in the sector N = 1 (circles in Fig. 8(c) ). It can occur if
at a magnetic field value given by
Thus, the ground states in the one-particle sector of the Hilbert space switch from |4 to |3 for B > B s . Moreover, an avoided crossing occurs at B = B orb = ∆ SO /(2g orb ). If Eq. (13) is not satisfied, the crossing of the two states in the N = 1 sector cannot be achieved, as it is shown in Fig. 9 . Focusing on the N = 2 sector of the Hilbert space (see Fig. 8(b) ), one notices that again an avoided crossing occurs at B orb = ∆ SO /2g orb , which becomes an exact crossing for ∆ KK' = 0. In this special case the two states |34 and |24 are degenerate. Finally, no ground state crossing is observed for N = 3 (see Fig. 8(a) ).
Using these considerations, we can build up the ground state configuration of the system as a function of the applied parallel magnetic field and of the orbital energy ε d (see Fig. 10 ). By inspecting where a crossing occurs (dashed lines in Fig. 10) , it is possible to capture the socalled "Kondo revivals" [17] , where the Kondo effect is restored for some specific values of the applied magnetic field. As Fig. 10 reveals, revivals are expected around B = B orb for ∆ KK' 0 in the N = 2 valley, and around B = B s , if the inequality (13) is fulfilled, in the N = 1 valley.
These considerations are reflected in the behavior of the spectral function and of the linear conductance.
Spectral function. The spectral function is shown for several values of the parallel magnetic field in Fig. 11 . In the absence of the magnetic field (black curve) it shows a Kondo peak at the Fermi level and two satellite peaks located at ω ±∆ = ±(ε 1(2) (0)−ε 3(4) (0)). As we switch on the magnetic field, the Kondo peak lowers and then splits into two resonances located at ω ±(ε 3 (B ) − ε 4 (B )), due to processes representing quantum fluctuations within the lowest Kramers pair. Increasing the magnetic field, the peaks merge again into one at B = B s (violet curve) and the spectral function recovers the unitary value at ω = 0 (see inset of Fig. 11 ). For larger values of B the Kondo peak splits again. Regarding the satellite peaks, they lower, broaden and shift towards higher energies. We find that at B = B s the leftmost one is due to a resonance in the third and fourth components (A 3 (ω) = A 4 (ω), Linear Conductance. In Fig. 12 we show the linear conductance of the system as a function of the applied parallel magnetic field and for a fixed ratio of ∆/T SU(4) K 12. In Fig. 12 (a) the conductance shows, as expected, the Kondo revival at B = B s . Moreover, the width of the Kondo peak is proportional to T K (∆). By increasing the valley mixing term ∆ KK' the resonance shifts towards B = 0 and, in case ∆ KK' /∆ SO does not fulfill Eq. (13), the Kondo revival disappears (black solid line).
In the N g = 2 valley, Fig. 12(b) , the valley mixing term acts slightly differently. For ∆ KK' = 0 the SU(4)-Kondo effect in B = 0 is essentially suppressed for this set of parameters (∆/T SU(4) K 12) and hence a Kondo peak is present only at B = B orb . Switching on the valley mixing, since B orb is not ∆ KK' dependent, results in the suppression of this resonance without any shift. We notice that Kondo revivals have indeed been seen in experiments on CNT-dots in parallel fields [15] .
Perpendicular magnetic field
Spectrum. A magnetic filed perpendicular to the CNT axis couples only to the spin degree of freedom. As it follows from Appendix A.3, the energy levels of the CNT Hamiltonian (1) in the presence of a perpendicular magnetic field read
where B ⊥ is the amplitude of the perpendicular magnetic field. The corresponding spectrum is shown in Fig. 13 . It shows clear qualitative differences with respect to the Spectral function. We analyze the behavior of the total spectral function at N g = 1 for several values of the perpendicular magnetic field in Fig. 14 . Since the Kondo revival is not possible in the first valley, the Kondo peak monotonically splits into two sub-peaks located at ω = ±(ε 3 (B ⊥ ) − ε 4 (B ⊥ )). Furthermore, two satellite peaks are visible. The rightmost resonance is the sum of two peaks in A 1 (ε) and A 2 (ε), whereas the leftmost one is essentially determined by the fourth component, A 4 (ε), corresponding to the ground state level. As in the parallel case, no splitting of the satellites is observed in the investigated magnetic field range. For B ⊥ ≥ B KK' /2 the central Kondo peaks merge with the lateral satellites.
Linear conductance. In Fig. 15 we show the linear conductance as a function of the applied perpendicular magnetic field. A perfect Kondo revival is obtained only if ∆ SO = 0; for ∆ SO = 0 the Kondo resonance is suppressed because the degeneracy between the sates |34 and |24 is lifted and the fluctuations of the quantum numbers referring to these states become energetically unfavorable. Figure 15 : Linear conductance as a function of the perpendicular magnetic field at the particle-hole symmetric point, Ng = 2 at T = 0.
Conclusion
In this work, we have investigated the transport and spectral properties of CNTs in the Kondo regime. To do that, we have constructed a model that, for the sake of simplicity, assumes spin and valley quantum number conservation during tunneling processes, but accounts for the combined effects of spin-orbit interaction, valley mixing, and electron-electron interaction, U , and finite magnetic field.
First, we carried out a detailed study of the cross-over between the SU(4) and SU(2)-Kondo regime by analyzing the dependence of the spectral functions and the linear conductance on the Kramers pair splitting, ∆. We have shown by means of DM-NRG computations, in particular, that in the Kondo regime of a singly occupied CNT longitudinal mode a universal SU(4) conductance is displayed for ∆ < T
SU(4) K
, while for ∆ T
the conductance and the spectral functions display characteristic SU(2) behavior with a strongly reduced Kondo temperature. In the intermediate regime T
∆
U we observed a 1/∆ dependence of the Kondo temperature. This behavior can be explained in terms of simple scaling arguments, and is also in agreement with exact Bethe Ansatz results obtained in case of infinitely strong Coulomb repulsion [28, 34] .
Finally, we analyzed the magnetic field dependence of the linear conductance and the spectral function, both in fields parallel and perpendicular to the CNT axis. Along the lines of Ref. [17] , we derived the necessary conditions to observe the Kondo revival, while extending our analysis to finite valley mixing values (∆ KK' = 0) and to the case of perpendicular magnetic fields. We showed that in both parallel and perpendicular fields, the total spectral function of the system shows a four peak structure (two for the absorption and two for the emission processes). We showed that in the case of odd occupancy of a CNT shell, a large enough ∆ KK' can prevent the occurrence of a Kondo revival in parallel field; in perpendicular fields no revival is expected. Kondo revivals have indeed so far been observed experimentally only for parallel magnetic fields [15, 18] . In case of a perpendicular magnetic field, the outer peaks can merge with those of the split Kondo resonance, thereby leading to a two-peak structure (one for absorption and one for emission processes) for large magnetic field values compared to the SU(4)-Kondo temperature and B ⊥ > B KK' /2. The single particle Hamiltonian Eq. (A.2) can be diagonalized by a unitary transformation, and the new orthogonal basis is the Kramers basis {|1 , |4 , |2 , |3 } used throughout of the present work. The unitary operator is
where the angle θ is given by tan(2θ) = ∆ SO /∆ KK' . In the diagonalized form,Ĥ CNT becomes the dot Hamiltonian from Eq. (1). We immediately notice that, because the two blocks in Eq. (A.6) yield the same eigenvalues, two pairs of degenerate doublets arise. These are the so-called Kramer pairs that, in our notation, are the couples of states (1, 2) and (3, 4) . As such, the states within each Kramers pair are related through the time reversal operatorT as it is sketched in Fig. 2 . Additionally, valley reversal, governed by the anti-unitary operatorP, relates the couples (1, 4) and (2, 3) originating from the two sub-blocks. In the Kramers basisT andP are given bŷ
where κ stands for the complex conjugation. Finally, definingĈ =P ·T −1 , it is possible to relate the couples (1, 3) and (2, 4) to each other through the unitary operator
Appendix A.2. Spectrum for finite parallel magnetic field An external magnetic field parallel to the CNT axis couples to both the spin degree of freedom and the "orbital" one. Thus, in the bonding(anti-bonding) basis,Ĥ B reads [18] Ĥ
where B is the amplitude of the parallel magnetic field. Thus, the diagonalized single particle Hamiltonian is
where
Here we defined θ ± in such a way that tan(2θ ± ) = (∆ SO ± 2g orb B )/∆ KK' . Notice that U B posses a similar block structure as in Eq. (A.6). However, due to θ + = θ − , time reversal symmetry is broken.
Appendix A.3. Spectrum for finite perpendicular magnetic field An external magnetic field perpendicular to the CNT axis couples, differently to the parallel case, only to the spin degree of freedom [13, 18] . Its action readŝ
The transformation that diagonalizes the single particle Hamiltonian can be decomposed as a product of two orthogonal matrices: where θ ± is such that tan(2θ ± ) = ∆ SO /(∆ KK' ± g s B ⊥ ). We notice that U (B ⊥ ) mixes both the spin and the bonding(anti-bonding) degrees of freedom, whereas, in the previous case, U B was mixing only the latter one.
Appendix B. Universality and the fixed points
We devote this Appendix to a brief analysis of the properties of the SU(2) and SU(4) limiting cases in the N g = 1 valley. When ∆ = 0 we expect the system to be at the SU(4) fixed point. In Fig. B.16 we compare on one side, the conductance as computed with the help of Eq. (8) for ∆ = 0, with the universal curve for G(T /T K ) as obtained from an underlying Kondo model with SU(4) symmetry, and we find a perfect agreement. Increasing ∆, the system flows away from the SU(4) and towards the SU(2) fixed point. As the other curve in Fig. B.16 shows, for large enough ∆'s, i.e. ∆ W , the system has already reached the SU(2) fixed point.
Recently, in Ref.
[10] a heuristical analytical expression was proposed for the universal conductance, of the form 1) in order to reproduce the leading-order in the temperature expansion predicted by the conformal field theory [35, 36] for the SU(4)-Kondo Hamiltonian. In this case the leading order is predicted to be cubic, G(T /T K )/G 0 1 − α · (T /T K ) 3 + . . . , with α a constant of the order ∼ 1, even though the system has still a Fermi liquid character. This sets n = 3 in Eq. (B.1) in contrast to the case n = 2 for the SU(2) symmetry.
In Fig. B.17 we compare the conductance with this heuristic curve for different gate voltages. From the fits of the DM-NRG data (Fig. B.17) , in the range 0 ≤ T /T K ≤ 1, we obtained a good estimate for s = 0.202±0.002 in agreement with Ref. [10] . The heuristic curve reproduces very well the DM-NRG results in a wide range of temperatures, 0 ≤ T /T K ≤ 10, and deviations become visible only for 
